MATH 3702 — Homework 3 Name: Mike Sorice

1. (a) Try ’Y = 12X — 5‘ so that:

y+5
12

5)
F(y)_p(YSy)—P(12X—5§y)_P(X§%) = /d:cf<x)
0, L<0ey<-5
= <l cle 5<y<T.
1, L>ley>7T

L 5<y<T
S F(y) = =2 ,
) = 1) { 0, otherwise

which is the density function of a uniform variable on (=5, 7).
(b) Try |Y = —2In X | Then:

F(y)=P(Y <y)=P(—2InX <y) = P <lnX > _7?/) - P(X > e%y)

00 0, e >1ey<0
:/dxf(x): l—e?, 0<ez <leoo>y>0.
= 1, e_Ty<O<i>y>oo

i’ >0
SFy) =fy) =4 2 Y77,
0, y <0

which is the density function of an exponential variable with mean 2.

(c) Try|Y = VX| Then:

y3

Fly) = PY <) = PUX 2) = P(X <) = [ dof
0, P*<0&ey<0
=<}, 0<yP<lel<y<l.
I, P¥>ley>1

LEF(y) = fly) = {ng’ V<]

0, otherwise ’
which is the density function sought.
2. We want to consider:
F(z)=P(Z<z)=PX-Y <z)=PY >X —2),

which defines a half-plane h above the line | = {(X,Y) : YV = X — z}. Let
s={(X,)Y): (0 <X <1)A(0 <Y < 1)} be the square on which f(z,y) is
supported. There are four cases to consider:

1



Case 1 (z > 1): The X —intercept of [ is beyond X = 1, so that h contains the
entirety of s so that:
F(z)=1.

Case 2 (0 < z < 1): [ cuts off an isosceles right triangle in the bottom-right corner
of s a leg which measures 1 — z. Thus:

(-2

F(z)=1- 5

Case 3 (—1 < z < 0): [ cuts off all of s except an isosceles right triangle in the
top-left corner a leg of which measures 1 + z. Therefore:

(1+2)°
T

F(z) =

Case 4 (z < —1): [ is entirely above s so that hN's = ) and

F(z)=0
In summary, then
1, z>1
Fee) 1- 02 g<z<t
z) = ,
(12’2)2, -1<2<0
0, z < —1

so that

1—2 0<z<l1
F'(z)=|f(2)=R1+2z 0<z<-1|
0, otherwise




(c) Case 3: —1<2<0 (d) Case 4: z < —1

Figure 1: The four cases for the position of [ with respect to s. The area of the cross-
hatched region is F'(z).

3. (a) The distribution function obeys:
F(2)=P(Z<2)=P(VX2+Y2<2)=P(X*+Y?<2?

which, for X > 0,Y > 0 is the upper-right quadrant of a circle of radius z
centered at the origin. Making the transformation X = Rcos©,Y = Rsin©
yields:

f(r,0) = 4r cos Or sin e



so that the distribution function of Z is:

F(z) = /d&/dw (4TCOS€T’SiH96_T2) =
o 0

= /d@sin(29) |:—7’2€_r2]z+/d7“27‘6_r2
0

0 0
™

= /%singb <—2’2€_22 + [—e_’j};) = {_ C;)S ﬂw <226—22 —e 4 1)

0

\M\ﬂ

df2 cosfsinf / drorde
0

0

=[1- (24 1)e ™|

&

\\\\

4

Figure 2: The region of integration is cross-hatched.

(b) As we know the distribution function from part (a), we can find the probability
density of Z as:

F(2)=F(2)=0— (22 +0)e* — (22 + 1)e % (=22)

— 2 + 23077 + 926"

2
= (2237 |,

4. The distribution function for 7 is:

X+Y
2

F(z):P(ZSZ):P< gz)zp(yg—x+2z),

so that the area of integration is the half-plane below the line [ = {(X,Y) : Y =
—X + 2z}



Since f(x,y) is supported only in the first quadrant, we have:
F(2)=0,2<0
as in that case, [ is entirely in quadrants II-IV.

On the other hand, if z > 0, we have:

2z 2z—x 2z 2z—x 2z 2w
F(z)= /daz‘ / dye 7Y = /d:cez / dye ™ = /d:cex {6—1]
0 0 0 0 0 0

2z 2z 2z

—x2z
= /dme‘x (1 — 6_2Z+$) = /dxe_”” — /dxe_% = {6—1} — 2z %
0 0 0 0

=1l—-e? -2z =1—(22+1)e *.
g

] 02 04 06 08 1 12 14 16 18

(a) 2 <0 (b) 2> 0

Figure 3: The two cases for the position of [. The cross-hatched region is the area of
integration for F'(z).

Therefore, the distribution function of Z is:

1—(2 1)e=?
F(z) = (2z4+1)e %, z2>0
0, 2z <0

Therefore, we can find the probability density of Z as:
0—(2)e 2 — (22 + 1)e™?*(=2), 2>0

F2)= F(2) = {O’Z e
_ {(—2+4z+2)e‘22, z>0

0, z <0
| J4ze*, 2> 0
1o, 2<0]




