Mike Sorice College Geometry II
Spring 2019 Test 1

Proposition. Given JABCD, [(ACNBD = {E})AN(BE = CE)N(AE = DE)| =
(/BAD = /CDA).

Proof. ZCED = ZAFEB as vertical angles.

ANAEB = ACED by S.AS. (AE = DE by hypothesis, ZAEB = /DEC by
previous step, and BE = C'E by hypothesis.)

. AB = CD as corresponding parts of congruent triangles.

[(AE = DE)AN(BE ZCE)N(AxExC)N(BxEx*D)| = (AC = BD) by segment
addition.

S.ANABD =2 ADCA by S.S.S. (AD is a common side, AB = C'D by previous step,
AC = BD by previous step.)

.. LBAD = ZADC' as corresponding parts of congruent triangles. m

Figure 1: Quadrilateral whose diagonals bisect each other.



Proposition. Given JABCD, [(ACNBD = {E})AN(AC = BD)AN(AB = CD)| =
[((AE = DE) A (BE = CE)].

Proof. ANADC = ADAB by S.S.S. (AD is a common side, AB = DC' by hypoth-
esis, and AC' = BD by hypothesis.)

S LCOAD = /BDA as corresponding parts of congruent triangles.

.. ANADE is isosceles, having congruent base angles, so it also has congruent sides
opposite, i.e. AE = DE.

Similarly, AABC = ADCB by S.S.S. (BC is a common side, AB = CD by
hypothesis, and AC' = BD by hypothesis.)

.. LACB = ZCOBD as corresponding parts of congruent triangles.

.. ABCE is isosceles, having congruent base angles, so it also has congruent sides

opposite by theorem, i.e. BE = CE. O]
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Figure 2: Quadrilateral whose diagonals and a pair of opposite sides are congruent.

Proposition. Given JABCD, [(ACNBD = {E})AN(AB = BC)A(AD = CD)] =
[(AE = CE)N(BD L AC)).



Proof. AABD = ACBD by S.S.S. (AB = BC by hypothesis, BD is a common
side, and AD = C'D by hypothesis.)

.. LABD = /ABE = /CBD = ZCBE as corresponding parts of congruent
angles and as B x E x D.

.. AABE = ACBE by S.A.S. (AB = BC by hypothesis, ZABE = /CBE by
previous step, and BE is a common side.)

.. AE = CE as corresponding parts of congruent triangles. //

Likewise, ZAEC = /BEC.

ZAEC supplements ZBEC by definition.

. LAEC and ZBEC are right angles by definition (congruent to supplement.)

.. AC L BD by definition (segments form a right angle.) O

A B

Figure 3: Quadrilateral with two pairs of congruent adjacent sides.

Proposition. Given JABCD, [(AC L BD) A (AB = BC)| = (AD = CD).

Proof. ZAEB,/BEC,Z/CED, and ZAED are all right angles by definition of
perpendicular segments.

S LAEB= /BEC = ZCED = ZAED as all right angles are congruent.

NABE =~ ACBE by H.L.! (ZAEB and ZBEC are both right angles by previ-
ous step, so AB and BC' are hypotenuses of right triangles AABE and ACBE,
respectively; AB = BC' by hypothesis; and BE is a common leg.)

'H.L. congruence is Greenberg’s Proposition 4.6. We’ll also prove it here in Problem 6.
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.. AE = CF as corresponding parts of congruent triangles.

S.ANADE = ACDE by S.A.S. (AE = CFE by previous step, ZAED = /CED by
previous step, and DFE is a common side.)

.. AD = CD as corresponding parts of congruent triangles. O]
B : c
E
A
D

Figure 4: Quadrilateral with perpendicular diagonals and pair of congruent adjacent
sides.

5. Given AABC with AB = ¢ > AC = b > BC = a, /C° =179 >e {X} =
o(A,AC)NAB{Y} =0o(B,BCYNAB,CX ==z =

(a)
Proposition. AAXY is acute.

Proof. By construction, AX = AC — both are radii of o(A, AC).
. NACX is isosceles with legs AC and AX.

S LACX 2 LAXC

Similarly, BC = BY = /BCY = /BYC.

Consider AACX. Tts exterior angle at X is ZBCX, which supplements
LZAXC'. Therefore, by the exterior angle theorem, remote interior ZAC'X <
/BXC.

But ZACX = ZAXC by previous step, so ZAX C'is less than its complement.
. LZAXC is acute by definition.

A similar application of the E.A.T. considering ZAY C' exterior to ABCY at
Y gives ZBYC < LZAYC = ZBY (' is acute.
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/ZXCY is within ZACX, so ZXCY < ZACX by definition. ... ZXCY is
also acute (an angle less than an acute angle is also acute.)?

All angles of ACXY being therefore acute, ACXY is an acute triangle by
definition. O

Proposition. z < x.

Proof. Since ZXCY is within ZACX, ZXCY < ZACX by definition. How-
ever, ZACX = ZAXC by previous step, so ZXCY < LACX.

The longer side of a triangle being opposite the larger angle, XY < CY =
XY =z <y =CY (Greenberg’s Proposition 4.5.) O

Proposition. z < y.
Proof. Similarly, ZXCY < /BYC = z < . O
Proposition. z=a+b—c.

Proof. By construction, c =a + b — z.

Subtracting ¢ from and adding z to both sides yields: c—c+2z =2z =a+b—c =
a+b—z+z—c O

Figure 5: Obtuse scalene triangle with smaller inner triangle formed by laying off shorter
legs on longest.

2Tt would work equally well to note that ZXCY is also within and therefore smaller than acute
/ZBCY.



()

Proposition. y > z.

Proof by G. Galperin. (-3) By definition, AACX is isosceles with leg b and

(-2)

(-1)
(0)

(3)
(4)

ABCX is isosceles with leg a.

Thus, ZBCY = ZBY C and both are acute (as otherwise » (ABCY') >
2e, contradicting the Saccheri-Legendre theorem.)

Similarly, ZACX = ZAXC and both are acute.

Further, since a + b > ¢ = AB by the triangle inequality on AABC, A *
Y« X x B (as exactly one of Ax X xY « B, X =Y, or AxY % X x B but
ifX=Ya+b=candif Ax X *Y «xB,a+b<c.)

AC > BC = /B > ZA = [ > « as angles opposite larger sides are
larger.

Drop a perpendicular from C' to AB with foot H. Then exactly one of
HxYxXH=Y,YxHxX H=X,orYxX=xH.

Case 1 (HxY %X ): Then ZCY X is exterior to ACHY and thus ZCY X >
ZCOHY, but ZCY X is acute by (-3). =<

Case 2 (Y = X * H): Similarly, acute ZCXY is remote to, and therefore
bigger than, right ZCHX in ACHX. =<«

Case 3 (H = Y): Then ZCYX = ZCHX, but the former is acute by
(-3), while the latter is right by construction. =<=

Case 4 (H = X): Similarly, acute ZCXY = ZCHY, a right angle. =<

Y« HxX.

Lay off a copy of AH on —Iﬁl, such that D € —1?4 and DH = AH.
Then AACH = ADCH by side-angle-side congruence (C'H is a shared
side, ZAHC = /DHC as both are right angles by construction at (0),
AH = DH by construction.)

.OD =band ZHDC® = o by congruent triangles.

Exactly one of H* Dx B, D = B, or H x B x D by betweenness axioms.

Case 1 (D = B): CD = BC = a = b, contradicting the hypothesis
b>a. =<

Case 2 (H * D * B): Then ZHDC' is an exterior angle of ABCD, so
/ZCDH > /HBC by the exterior angle theorem, i.e. a > 3, contradicting
(-1). =<

S HxBxD.

By the exterior angle theorem on ABCH,ZCBD > ZC'HB and, as the
latter is a right angle, ZC'BD is obtuse, i.e. ZCBD°® = > e.

— —
Lay offt HX on HA to create Z € HA such that HZ = HX. By be-
tweenness axioms, exactly one of ZxY « H Y =Z or Y « Z x H.

6



(5) ACHZ = ACHX by side-angle-side congruence (C'H is a common side,
LCHZ = ZCHX as both are right angles by construction at (0), HX =
HZ by construction at (4).) Therefore CZ = C'X by congruent triangles.

(6) AX = b by hypothesis.

AX = AH + HX since AxY * H* X * B by (0) and (-2).
DH = AH by construction at (1).
HZ = HX by construction at (4).
LAX =AH+ HX = DH + HZ, but since Z x H x D by construction
at (4), DH+HZ = DZ.
.DZ = AX and DZ = AX =b.
(7) BD + BC > CD by the triangle inequality on ABCD.
BC = BY by hypothesis, so BD + BY > CD.
AC=CD=DZby (1)and (5).
..BD+ BY > DZ
(8) Y+« BxD by (1),so BD+ BY = DY.
-.DY > DZ by (7).
YxZxD.As 7 € _ﬁjl by construction at (4) and Y x H x Z by (0)
and (1),Y *Zx H.

9) - HY > HZ.
HZ = HX by construction at (4), so HY > HS.

(10) ... CY > CX by the same reasoning as (2).

A
D

Figure 6: Construct ADCH = ANACH to show that ACHZ = ACHY, soy > .

Proposition. Given AABC and AA'B'CY, {[£C° = (LC")° = €] A [BC = B'C' =
W A[AB = A8 = ]} = (AABC = AA'B'CY).

Proof by construction: Lay off B"C” = B'C" on B? starting at B so that C” = C
(as BC' = B'C" by hypothesis, B"C"” = B'C" with B” = B by construction, and
congruent segments are unique on a ray, given a starting point, by congruence
axiom.)



Lay off a copy of ZC" at C” to form ZDB"C” such that D is on the side of %
opposite A (this angle being unique by congruence axiom.)

A,C and D are collinear (AC' and C'D are both perpendicular to BC at C.)
Further, A% C % D (by construction at previous step.)

Lay off a copy of C'A" on D" starting at C” to form C”A” = C'A’.

AxCx A" as A” € CD"\{C} (by construction at previous step.)
L AATBCT = NA'B'C! by S.AS. (A'C" = A'C, LA'CB" = /C', and B'C" ==
B'C’; all by construction at previous steps.)

s A'B" = A"B =2 A'B’ (as corresponding parts of congruent triangles) so =
A"B = AB (by hypothesis and transitivity of congruence by axiom.)

. ANAAYB s isosceles with legs AB =2 A”B. Thus LA =2 ZBA"C by theorem
(isosceles triangles have congruent base angles.)

Then AABC =2 ANA”"BC by AAS. (LZACB = LZA”C B by construction at previous
step, LA =2 ZBA"C by previous step, and BC' is a common side; alternatively,
/BCAZ= /BCA" by construction previous step, ZBA"C = /A by previous step,
and AB = A”B by construction at previous step.)

NA"BC = NA"B"C" = NA'B'C’ (by previous step) so AA'B'C' = ANABC by

transitivity of congruence (congruence axiom.) O

B=B"

c=c"

D

Figure 7: Construction proving HL convergence.

Proposition. Given AABC with M the midpoint of AB, (LC° = LA°+/B°) =
(AB =2CM)

Proof by constrﬂion. Given AABC with (£LC° = LA° + ZB°, lay off a copy of
/A at C' with C A as one side and the other side, except C itself, on B’s side of
CA, say CD.



As AD over through C, it meets (AB) by Pasch’s theorem. Say {E} = ADN (AB).

Then AACE has congruent base angles ZA and ZACE and is therefore isosceles
with AE = C'E by theorem (triangle with congruent base angles has opposite sides
congruent as well.)

LACE = /A (by construction at previous step,) ZACB is comprised of ZACE
and ZBCE (by construction at previous step,) and (£C° = ZA° + ZB° by hy-
pothesis, so ZBCE = /B by angle subtraction.

Then ABCFE has congruent base angles /B and ZBCFE and is therefore isosceles
with BE = C'E by theorem (ibid.)

BE =2 (CFE = AFE = AE = BFE so E is the midpoint of AB, which has the name
M by hypothesis.

Then CM = AM and AB = AM U BM with AM = BM gives AB =2CM. O

A

Figure 8: Triangle with largest angle whose measure is the sum of the measures of the
others has a shortest median half its longest side.

8. Given convex JABCD with ZA= /D...

(a)
Proposition. (AB= CD) = (LB = ZC)

Proof. Draw the diagonals AC' and BD — these remain within JABCD by
definition of convex.

ANADC = ADAB by S.A.S. (AD is a common side, ZD = ZA by hypothesis,
AB = CD by hypothesis.)



oo AC =2 BD and ZACD = ZABD as corresponding parts of congruent
figures.

S.AABC = ADCB by S.S.S. (AB = CD by hypothesis, BC' is a common
side, AC' = BD by previous step.

- LACB = /ZCBD as corresponding parts of congruent figures.

ZABC being comprised of ZABD and ZC'BD, and these latter being con-
gruent to ZACB and ZACD, constituents of /BCD, ZABC = Z/BCD by
angle addition. O

Proposition. (£B = ZC) = (AB=CD)

Proof by construction: Construct p, the perpendicular bisector of AD. p
meets (AD) by definition (at its midpoint, say F') and meets the interior
of the opposite side, (BC'), as DABCD is convex (via Pasch’s theorem on
ABFC, as p goes through F.) Call pN BC = {E}.

NAEF = ADEF by HL. (AF = DF as F is the midpoint of AD by con-
struction at previous step; ZAFFE is a right angle by construction at previous
step so ZDFFE is as well, by definition of right angle, since ZDFE supple-
ments right ZAFFE; and EF is a common leg.)

oo AE = DE and LEAD = ZEDA as corresponding parts of congruent
figures.

Since /A = /ZBAD = ZADC = /D by hypothesis, and since ZA consists
of ZBAFE and Z/EAD whereas ZD consists of ZADFE and ZCDE, with one
constituent each congruent by previous step, ZBAFE = ZCDFE by angle sub-
straction.

S.AABE =2 ADCE by A.AS. (/B = ZC by hypothesis, /BAE = /CDE
by previous step, and & = DFE by previous step.)

.. AB = CD as corresponding parts of congruent figures. m
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Figure 9: Convex quadrilaterals with...
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Proposition. Given AABC with CM a median, [6(AACM) = 20(AABC)] =
D(AABC) = > (AAMC) = > (ABCM) = 180°].

Proof. By construction, AAC'M is within AABC.
By previous theorem, defect is additive, so that 6(AACM) < §(AABC) (as the

latter is within the former by previous step.)

d(A) > 0° (Saccheri-Legendre theorem) so that §(AACM) = 26(AABC) =
I(AACM) > §(AABC).

{[0(AACM) > 6(AABC)| A [§(AACM) < §(AABC)|} = [6(AACM) = 0°].
2 VA 0(A)0° by previous theorem (Legendre’s.)
SVAY (A) = 180° by definition of defect (0(A) = 180° — Y (A).) O

Figure 10: Inner triangle has same defect at most.

Proposition. Given point D interior to NABC, AB+ BC > AD + CD.

Proof. Consider /ﬁ Since D is interior to AABC and A is a vertex, zﬁ
meets (BC') by Pasch’s theorem. Say {E} = AD N BC.

Then AACE is a triangle, so AC'+ C'E > AE by the triangle inequality.
Likewise, ABDF is a triangle, so BE + DE > BD.

Adding these inequalities yields: AC +CE + BE + DE > AE + BD.

But then BE + CE = BC, so we have: AC+ BC'+ DE > AE + BD.
Subtracting DE from both sides yields: AC + BC > AE — DE + BD

However, AE = AD+ DFE, so we have AC+ BC > AD+ DE—DE+ BD =
AD + BD. O
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Proposition. Given point D interior to NABC, ZADC > ZABC.

Proof. Consider ﬁ Since D is interior to AABC and B is a vertex, B?
meets (AC) by Pasch’s theorem. Say {F'} = BD N AC.

Then ZADF is an exterior angle of AABD at D, so it is greater than the
remote interior angle ZABF by the exterior angle theorem.

Similarly, ZCDF > ZCBF'.
As DA DF % (DC and BA « BF # BC, ZADC > ZABC by angle addition,

given the previous two steps. O

A C

Figure 11: Inner triangle on same base has smaller perimeter and larger apex angle.

()
Proposition. Given AABC, (D, E € (AC) s.t. AD 2 CE) = (AB+AC >
AD + AE).

Proof. Given AABC with (D, E € (AC) s.t. AD = CE, construct M €
(AC), the midpoint of AC.

By segment subtraction, AD =2 CE = AE = CD (they differ by the common
segment DFE.)

Thus exactly one of D = E = M or D # E and M is the midpoint of DFE as
well.

Case 3 (D = E' = M): Construct B’ by doubling BM.
Connect B’ to C produces AB'MC.

/B'MC = /AMB as vertical angles.

AM = CM by definition of midpoint.

S AABM = ACB'M by S.AS. (AM = CM by construction at previous
step, ZAMB = /B'MC' by previous step, BM = B’M by construction at
previous step.)
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.. AB = B'C' (as corresponding parts of congruent figures.)
Applying the triangle inequality to ABB'C' yields: BC' + B'C' > BB'.

By construction, BB’ = 2BM = BB’ = 2BM = BD + BE (BM = BD =

BE by hypothesis.)

B'C = AB (previous step,) so B'C = AB.
..AB+ BC > BD + BE

Case 4 (D # E; DM = EM): Construct B" by doubling BM.
Connect B’ to D producing AB'DM.

LAMB' = ZCMB as vertical angles.

DM = EM by construction (M is the midpoint of DE.)
BM = B'M by construction at previous step.

S.ABME = AB'MD by SAS. (DM = EM, /DMB' = /BME, BM =

B'M.)

.. B'D = BE (congruent triangles.)

Similarly, connect B’ to A to produce AAMB’'.

AM = C'M by construction (M is the midpoint of AC'.)

S AAMB = ACMB by S.AS. (AM = CM, ZAMB' = Z/BMC, BM
B'M.)

.. AB' = BC (congruent triangles.)?

Consider AABB’ — it is of the same form as the triangle from 10. (a),
apply the result of that part to yield: AB + AB’ > BD + B'D.

AB' = BC and B'D = BF, so we have AB+ BC > BD + BE.

SO

B'

B

(a) Case 1 = D = E. (b) Case 2 - D # E.

Figure 12: Inner triangle with same apex also has smaller perimeter.

3We can think of the result of the construction of these two triangles as the reflection of ABMC

over §M and j@ . The naming of prime points in the figure reflects this concept.
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