Mike Sorice College Geometry II
Spring 2019 Triangle Centers and Ceva’s Theorem

Proposition 1. The medians of a triangle are concurrent.
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Figure 1: The medians of AABC' are concurrent.

Proof. Suppose AABC has medians AX, BY, and CZ.

By definition of median, |[AZ| = |ZB| = §,|BX| = |XC| = §, and |CY| = [YA| =
|[AZ| |BX||CY| _ ¢/2a/2b/2 o
Therefore, mmm = c/_2a_/2b/_2 =1x1x1=1.

Consequently, by the converse of Ceva’s theorem, AX, BY, and C'Z meet at a single
point. 0
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Proposition 2. The altitudes of a triangle meet at a single point.

Proof. Suppose AABC has altitudes AX, BY, and C'Z.
By definition of altitude, ZAX B and ZCZ B are both right angles.

Consequently, AAXB ~ ACZB by angle-angle similarity (ZAXB = ZCZB by
Euclid’s IVth postulate, ZABC' is a common angle.)

By similar triangles, % = %.
Similarly, ZAXC and ZBY C' are both right, so AAXC ~ ABYC and 1acl _ [eX]

|BC cY]
Similarly again, /BY A and ZCZA are right, ABY A~ ACZA, and 1‘3—3‘ = |A—}Z/“.
Consider the Cevian product of ratios of parts of sides:

AZ| |BX||CY| _ (|AZ]\ (IBX]\ (ICY|\ _ (|AC|\ (|AB|\ (|BC]

[BZ||CX]|AY] (IAY!) (!BZI> (\CX|> N (!AB!> <|BC|> (IAC!)
_ |ACT|AB[|BC| _
~ JAC||AB|[BC| ~

1.

Thus, by the converse of Ceva’s theorem, AX, BY, and C'Z meet at a single point. [
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(a) AABX ~ ACBX. ) AACX ~ ABCY. ) AABY ~ ANACZ.

Figure 2: Similar triangles underlie concurrence of altitudes by Ceva’s theorem.

Proposition 3. The angle bisectors of a triangle meet at a single point.
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Figure 3: The angle bisectors of AABC' are concurrent.

Proof. Suppose AABC has angle bisectors AX, BY, and CZ.
By previous theorem BX| _ [AB| |AY] _ |AB| g 1421 — A0

Consider the Cevian product of ratios of parts of sides:

ICX| — |AC] |CY] — |BC|? 1BZ| — |BC|"

|AZ| |BX[|CY| |AC||AB||BC| |AC||AB||BC|
|BZ||CX||AY| |BC||AC||AB| — |AC||AB||BC|

Therefore, by the converse of Ceva’s theorem, AX, BY, and CZ meet at a single
point. O



