MAT 3271: Propositions 2.1 & 2.2 Mike Sorice
Proposition (2.1). Given m,l sm }fl & m #1, then IIP>P1m & P 11.

Proof. Suppose 3P > P 1m & P 11. Then, m || [ by definition. [ }f m by hypothesis.
=<. ~dP>P1im& P1l.

Suppose 3Q # P > Q1 m & Q1l. Then P1im & Q1im & P11l & Q 11.
P # @ by supposition. .-, dn 5 P 1n & Q 1 n by Incidence Axiom 1. .*. [,m = n by
definition. .". I = m by the transitive property of =. However [ # m by hypothesis. =~<=.
SPQAPSQ1im & Q1l. . Pis unique by definition. O

Lemma. There exist at least three distinct lines.

Proof. 3 distinct P,Q,R 3P0 5P 10& Q10 & R 1o by Incidence Axiom 3. .-, 3!, m,n >
Pil&Qil& Pim&RIm&Qin& Rin& RIIL& Q Jm & P A n by Incidence
Axiom 1. O

Proposition (2.2). 3 distinct [, m,n that are not concurrent.
Given | # m, either [ || m or [ f m by the law of the excluded middle.

Proof of case l || m. 1| m = AP 511 P & m1 P by definition. .. YnpP > P1l& Pim & P1in
a fortiori. In # [, m by lemma. .*. [, m, and n are not concurrent by definition. ... 3, m, n
distinct and not concurrent. O]

Proof of case LYy m. I f m = 3P 5> P11 & P 1 m by Proposition 2.1. 3Q # P >
Q11& dR # P 5> R1m by Incidence Axiom 2. Further, Q f m & R 1 [ as P is unique.
Further still, @ # R as otherwise () T m since R 1 m.

Now, dln 5 @Q 1 n & R 1 n by Incidence Axiom 1. n # [ as R 1 n by definition, but
R Y1 n#m as Q1 n by definition, but Q f m. ... l,m,n are distinct.

Suppose P 1n. Then, P1n & Q1n But P1l & @ 11 and [ is unique by
Incidence Axiom 1, sol = n. | # n. =<=. . P /in. P is unique, so V@, either
Q=P=Q1lm&QinorQ#P=0QflorQfm. .. PQ>Q1l,m,n. . 3, mn

distinct and not concurrent. O]



